The observed value of the second time-derivative of the spin frequency contains contribution from various dynamical terms. We derive expressions for all the individual terms expressible in terms of the Galactic coordinates, the proper motion in respective Galactic coordinates, the pulsar distance and the radial velocity. We explore the contribution of these terms near the Galactic Centre. We also provide the expected distribution of the magnitude of the individual terms resulting from the Monte Carlo simulations. We discuss the use of our methods to calculate a realistic value of the braking index using the intrinsic second derivative of the spin frequency that we obtain.
INTRODUCTION
The timing solution of the pulsars contains various measured parameters such as the coordinates of the pulsar, the proper motion, the spin frequency and its derivatives, the dispersion measure, the parallax (if available) etc. Among these, the measured values of the frequency derivatives have contributions from various dynamical terms. These dynamical terms originate from the gravitational pull of the Galactic Centre, as well as from the proper motion of the pulsars. Certain work has been done in the past on methods of estimation of pulsar spin frequency derivatives. Joshi & Rasio (1996) provided a method to determine the orbital parameters as well as the masses using the pulsar spin frequency derivatives. In their work, they use highly approximated expressions of the spin frequency derivatives and also, assume in their calculations that the measured spin frequency derivatives are all dynamically induced, ignoring contributions from any process intrinsic to the pulsars. For instance, they express spin frequency derivative as line of sight acceleration, spin frequency second derivative as line of sight jerk, and so on. They do however, mention that their assumption of only considering the dynamical contributions to the measured values of spin frequency derivatives may not always be justified and should be examined for each particular case. Liu et al. (2018) provided an analytical derivation for the dynamical effects on the first and second derivative of the pulsar spin frequency. However, the expressions that they provided were in the frame where the motion of Sun is taken to be negligible. Since the radial velocity (vr) of only a few pulsars is known (five as per Liu et al. (2018) ), courtesy optical spectroscopy of their binary companions, they vary vr from -200 km/s to 200 km/s to get an estimate the radial velocity dependent terms. They assume braking index (n) as three in order to estimate the order of magnitude of the intrinsic spin frequency second derivative from the expressionfint = nḟ 2 int /f . They don't derive any analytical expression for the jerk term but use 'galpy' (Bovy 2015) to numerically obtain the acceleration and jerk terms by polynomial fitting.
More recently, Parthasarathy et al. (2019) also provided spin frequency, spin frequency derivative, and spin frequency second derivative measurements for various pulsars with 19 of them having strong detection of second derivative of spin frequency. They calculate the braking index for these pulsars, however, they use measured values of spin frequency derivatives instead of intrinsic ones.
In this work, we derive complete analytical expressions for all the terms, including the jerk term, and provide a way to calculate their individual contribution to the measured second derivative of the spin frequency without any numerical fitting. Instead of assuming n as three, we use our method to eliminate dynamical contributions from the observed second derivative of spin frequency to get an estimate for the intrinsic second derivative of the spin frequency. This can subsequently be used to estimate a realistic value of the braking index. For the radial velocity dependent terms, we also vary vr from -200 km/s to 200 km/s in our simulations. For this work, we use various pulsar parameters provided in the version 1.61 of the ATNF 1 pulsar catalogue (Manchester et al. 2005) . For all our calculations we use the Galactocentric distance of the sun (Rs) as 8.00 kpc, and the rotational velocity of the sun around the Galactic Centre in the Galactic plane (v s,pl ) as 200.00 km/s.
ANALYTICAL DERIVATION OFfint
The Doppler shift of the spin frequency can be written as:
where c is the speed of light in vacuum, vp is the velocity of the pulsar, vs is the velocity of the Sun, nsp is the unit vector from the sun to the pulsar and is taken to be the radial direction, f obs is the observed (measured) spin frequency of the pulsar, and fint is the intrinsic spin frequency of the pulsar. Differentiating Eqn.
(1) with respect to time, we get:
Here, ap is the acceleration of the pulsar, as is the acceleration of the sun, and the dot on any parameter corresponds to the rate of change of that parameter. Division of Eq. 2 by Eq. 
In order to obtain an expression for Equation 10 gives
Here, l is Galactic longitude, b is the Galactic latitude, µ l is the proper motion in l, µ b is the proper motion in b, µT is the total translational proper motion, vr is the radial component of the relative velocity of the pulsar with respect to the sun, Rs is the Galactocentric distance of the sun, R p ′ is Galactocentric distance of the pulsar projection on the Galactic plane, v s,pl is the component of the velocity of the sun parallel to the Galactic plane, vs,z is the component of the velocity of the sun perpendicular to the Galactic plane, aT is the translational component of the relative acceleration of the pulsar with respect to the sun, a p,pl is the component of the acceleration of the pulsar parallel to the Galactic plane, a s,pl is the component of the acceleration of the sun parallel to the Galactic plane, ap,z is the component of the acceleration of the pulsar perpendicular to the Galactic plane, as,z is the component of the acceleration of the sun perpendicular to the Galactic plane,˙ ap is the jerk of the pulsar, and˙ as is the jerk of the sun. We can, however, drop the terms containing the component of the velocity and the acceleration of the Sun perpendicular to the Galactic plane (vs,z and as,z respectively) as the motion of the Sun in that direction is negligible. Therefore, Eq. 11 can be written as:
Here,ȧr is the rate of change of the radial component of the relative acceleration of the pulsar with respect to the sun. Expressions ofȧr and aT in terms of observables like l, b, µ l , µ b , d, and vr are derived in Appendix D. The derivations of other square bracket terms that appear in the above equation can be found in appendices. We can now use f f ex to estimate intrinsic spin frequency second derivative (fint) by the following relation:
3 RESULTS
Magnitude of terms in Eq. 12 using Monte Carlo Simulations
From ATNF pulsar catalogue, we find that the range of µ l spans from -336.62 mas/yr to 193.6 mas/yr, and that of µ b spans from -314.1 mas/yr to 176 mas/yr. We take the uniformly generated random numbers for l (between 0 and 360 degrees), b (between -90 and 90 degrees), vr (between -200 and 200 km/s), µ b (between -314.1 and 176.0 mas/yr), and µ l (between -336.62 and 193.6 mas/yr). We fit a modified exponential distribution to the best distance values reported in the ATNF catalogue for the same set of pulsars and generate random distance values based on that distribution. We start with 10000 instances of each such set of parameters, however, we remove the instances with d = 0, R p ′ = 0, b = 90.0 degrees, and b = 90.0 degrees, as otherwise the terms containing factors 1/R p ′ , and 1/ cos b will blow up. With the subsequently remaining 9280 instances we calculate the terms in Eq. 12. For the first three square bracket terms in Eq. 12, we study the distribution of the magnitude of each of the terms with respect to the Galactic coordinates. We divide the range of the magnitude of a term into five equal parts. We then calculate the number of cases present in each of those five sub-ranges. We follow this procedure for the first three square bracket terms in Eq. 12 as mentioned above.
We start with the first square bracket term (or the Jerk term) in Eq. 12. We find that among all simulated pulsars, 98.75% have the magnitude of the Jerk term in the range of 8.35 × 10 −38 s −2 to 9.57 × 10 −32 s −2 , 1.15% have the magnitude in the range of 9.57 × 10 −32 s −2 to 1.91 × 10 −31 s −2 , 0.06% have the magnitude in the range of 1.91 × 10 −31 s −2 to 2.87 × 10 −31 s −2 , 0.02% have the magnitude in the range of 2.87 × 10 −31 s −2 to 3.83 × 10 −31 s −2 , and 0.01% have the magnitude in the range of 3.83 × 10 −30 s −2 to 4.77 × 10 −31 s −2 . The pulsars with magnitude higher than 9.57 × 10 −32 s −2 accumulate around l = 0 degree.
For the second square bracket term, we find that 95.85% of the simulated pulsars have the magnitude of the second square bracket term in the range of 5.01 × 10 −37 s −2 to 9.26 × 10 −32 s −2 , 3.44% have the magnitude in the range of 9.26 × 10 −32 s −2 to 1.85 × 10 −31 s −2 , 0.55% have the magnitude in the range of 1.85 × 10 −31 s −2 to 2.78 × 10 −31 s −2 , 0.11% have the magnitude in the range of 2.78 × 10 −31 s −2 to 3.71 × 10 −31 s −2 , and 0.04% have the magnitude in the range of 3.71 × 10 −31 s −2 to 4.63 × 10 −31 s −2 . The pulsars with magnitude higher than 9.26 × 10 −32 s −2 tend to accumulate around l = 0 as well as in the region between l = 50 to l = 200 degrees.
For the third square bracket term we find that 85.93% of the simulated pulsars have the magnitude of the third square bracket term in the range of 6.25 × 10 −37 s −2 to 3.32 × 10 −32 s −2 , 12.07% have the magnitude in the range of 3.32 × 10 −32 s −2 to 6.63 × 10 −32 s −2 , 1.82% have the magnitude in the range of 6.63 × 10 −32 s −2 to 9.95 × 10 −32 s −2 , 0.16% have the magnitude in the range of 9.95 × 10 −32 s −2 to 1.33 × 10 −31 s −2 , and 0.01% have the magnitude in the range of 1.33 × 10 −31 s −2 to 1.66 × 10 −31 s −2 . The pulsars with magnitude higher than 3.32 × 10 −32 s −2 accumulate around l = 0 degree.
For the combined term obtained by adding contributions from each of the above mentioned three terms (Jerk term, second square bracket term, and third square bracket term), we find that 95.56% of the simulated pulsars have the magnitude of the combined term in the range of 3.76 × 10 −37 s −2 to 1.05 × 10 −31 s −2 , 3.78% have the magnitude in the range of 1.05 × 10 −31 s −2 to 2.10 × 10 −31 s −2 , 0.52% have the magnitude in the range of 2.10 × 10 −31 s −2 to 3.16 × 10 −31 s −2 , 0.11% have the magnitude in the range of 3.16 × 10 −31 s −2 to 4.21 × 10 −31 s −2 , and 0.03% have the magnitude in the range of 4.21 × 10 −31 s −2 to 5.26 × 10 −31 s −2 .
We can see that most of the pulsars are found to have the magnitude of the combined term to be in the range 3.76 × 10 −37 s −2 to 1.05 × 10 −31 s −2 . For cases with magnitude higher than 1.05 × 10 −31 s −2 , we observe clustering of pulsars around l = 0 as well as in the region between l = 50 to l = 200 degrees. About 94.94% of the simulated pulsars have the magnitude of the combined term to be less than 1.0 × 10 −31 s −2 . Out of these, 0.05% of such pulsars have the magnitude of the combined term less than 1.0 × 10 −35 s −2 , 0.58% have the magnitude in the range of 1.0 × 10 −35 s −2 to 1.0 × 10 −34 s −2 , 4.53% have the magnitude in the range of 1.0 × 10 −34 s −2 to 1.0 × 10 −33 s −2 , 33.81% have the magnitude in the range of 1.0 × 10 −33 s −2 to 1.0 × 10 −32 s −2 , and 61.04% have the magnitude in the range of 1.0 × 10 −32 s −2 to 1.0 × 10 −31 s −2 .
Exploring the behaviour of terms in Eq. 12 near Galactic Centre
We explored the region closed to the Galactic centre for the terms in Eq. 12. So, we take d = Rs = 8.0 kpc. We vary l and b with a step size of 0.5 degrees. We calculate the terms for different combinations of maximum and minimum values of µ l (-336.62 and 193.6 mas/yr) and µ b (-314.1 and 176.0 mas/yr), as well as for different vr values (-200, -150, -100, -50, 0, 50, 100, 150 , and 200 km/s). We specifically exclude b = 0 degree for l = 0 degree and in general those values of b and l for which cos b = cos l. This was done so that 1/(cos λ) does not blow up.
We found that the maximum magnitude of the Jerk term to be 4.01 × 10 −30 s −2 (with a negative sign) for l = 353.0 degrees, b = 7.0 degrees, vr = -200 km/s, µ l = -336.62 mas/yr, and µ b = -314.1 mas/yr. The maximum magnitude of the second square bracket term was found to be 1.41 × 10 −30 s −2 (with a negative sign) for l = 0.5 degrees, b = 0.5 degrees , µ l = -336.62 mas/yr, and µ b = -314.1 mas/yr. This term does not depend upon vr. The maximum magnitude of the third square bracket term to be 1.07 × 10 −29 s −2 (with a positive sign) for l = 0.5 degrees, b = -0.5 degrees (as well as for b = 0.5 degrees), vr = -200 km/s, µ l = -336.62 mas/yr, and µ b = -314.1 mas/yr.
Exploring the fourth square bracket term in Eq. 12
The fourth square bracket term is 2 ḟ f ex ḟ f obs . In order to get the order of magnitude estimate, we consider the values of spin frequency, and observed first derivative of spin frequency from the ATNF pulsar catalogue to calculate the factor ḟ f obs . We use GalDynPsr to calculate ḟ f ex using the input parameters from ATNF catalogue as well. For the 375 pulsars (including the pulsars with known proper motion values, and excluding the pulsars in Globular Cluster, Large Magellanic Cloud and Small Magellanic Cloud), we find that 64% of the pulsars have the magnitude of the fourth square bracket term less than 1.0 × 10 −32 s −2 , 19.2% have the magnitude in between 1.0 × 10 −32 s −2 and 1.0 × 10 −31 s −2 , 9.6% have the magnitude in between 1.0 × 10 −31 s −2 and 1.0 × 10 −30 s −2 , 5.07% have the magnitude in between 1.0 × 10 −30 s −2 and 1.0 × 10 −29 s −2 , and 2.13% have the magnitude greater than 1.0 × 10 −29 s −2 . Among these, one pulsar PSR J1048+2339 was found to have a significantly high magnitude of 1.03 × 10 −18 s −2 . We can, hence, see that 2 ḟ f ex ḟ f obs term can contribute significantly and so, should always be calculated to check its contribution.
Intrinsic spin frequency second derivative and the braking index
The intrinsic spin frequency derivative (ḟint) depends on the spin frequency (f ) of the pulsar by the relation-
where K is the proportionality constant and n is the braking index. If we assume an ideal scenario where the pulsar is taken to be a dipole, and the mis-alignment of the spin axis and the magnetic axis is solely responsible for the emission of the radio waves, then the braking index turns out to be three (Lorimer & Kramer 2005) . However, in reality, this may not be the case.
In order to estimate a realistic value of the braking index, we take a time derivative of Eq. 14 and divide the new equation with Eq. 14. On doing this we get, Hobbs et al. (2004) calculated the braking index of the pulsars mentioned in their work by using the measured values of frequency derivatives (braking index taken to be n obs =f obs ḟ f 2 obs ) instead of their intrinsic values and reported these apparent braking indices to lie in the range −2.6 × 10 8 to 2.5 × 10 8 . We, however, calculate n based on the intrinsic frequency derivatives (Eq. 15), using the parameters given in the ATNF pulsar catalogue, after evaluatingḟint using GalDynPsr, andfint using the method described in Section 2. We consider the pulsars for which the ATNF catalogue reports a measured value of the second spin frequency derivative as well as the proper motion. We exclude the pulsars in Globular Cluster, Large Magellanic Cloud and Small Magellanic Cloud because of unknown additional local potential terms. We end up with 158 pulsars satisfying these conditions. We take a nominal v rad = 50 km/s, like Liu et al. (2019) , for the pulsars except for J1024−0719 and JJ1903+0327 whose v rad is known to be 185(4) km/s and 42.1(25) km/s respectively (Liu et al. 2018) . We get that n varies from −4.2 × 10 7 to 7.7 × 10 7 . We found that while going from using the measured frequency derivatives (n obs ) to using the intrinsic frequency derivatives (n), the value of the braking index reduced in magnitude for 13 cases out of the total 158 cases. We repeat the above calculations for v rad = 0 km/s and v rad = −100 km/s and we find that the values of the hence-obtained braking index still remain close and the distribution of their magnitude remains the same as that for v rad = 50 km/s as discussed above.
Hence, the contribution of v rad to braking index value does not appear to be significant. Hobbs et al. (2004) mentioned that those braking index values calculated by them, which are far from three, do not represent afint due to magnetic dipole radiation. However, there can be pulsars, where the braking index calculated from the measured values of the frequency derivatives is far from three, whereas the braking index calculated using the intrinsic values of the frequency derivatives is much closer to three.
To show this, we perform our calculations on simulated pulsars. Similar to the Monte Carlo simulations in the subsection 3.1, we take the uniformly generated random numbers for l (between 0 and 360 degrees), b (between -90 and 90 degrees), vr (between -200 and 200 km/s), µ b (between -350.0 and 200.0 mas/yr), and µ l (between -350.0 and 200.0 mas/yr). Similarly, we take same distance distribution as used in subsection 3.1. From ATNF pulsar catalogue, we find that the range of f spans from 0.11 Hz to 641.9 Hz for the pulsars with known proper motion (excluding the pulsars in Globular Cluster, Large Magellanic Cloud and Small Magellanic Cloud). So, we take the uniformly generated random numbers for f , between 0.11 and 641.9 Hz. We also take the uniformly generated random numbers forḟ obs (between −1.0 × 10 −13 s −2 and −1.0 × 10 −16 s −2 ). All theseḟ obs values are plausible because if we consider theḟ obs values (from ATNF pulsar catalogue) corresponding to the pulsars used above, we find that, 35.73% have the magnitude ofḟ obs of the order of 10 −16 s −2 , 31.2% have the magnitude of the order of 10 −15 s −2 , and 16.27% have the magnitude of the order of 10 −14 s −2 . Now, as seen from the ATNF catalogue, there seems to be no preferred sign forf obs . So, we take the uniformly generated random numbers forf obs varying between −1.0 × 10 −28 s −3 and −1.0 × 10 −29 s −3 as well as between 1.0 × 10 −29 s −3 and 1.0 × 10 −28 s −3 . We start with 80000 instances and like in subsection 3.1, we remove the instances with d = 0, R p ′ = 0, b = 90.0 degrees, and b = 90.0 degrees. We do get seven cases where n is closer to three whereas n obs is not (See Table 1 ).
We can see that it would be wrong to conclude that magnetic dipole radiation is not the basis for the spin frequency second derivative measurement given the n obs value is much different than three, as n can still be close to three. For any conclusions to make regarding whether the braking index value represents the magnetic dipole radiation, we should use the braking index values calculated from intrinsic spin frequency derivatives.
CONCLUSION
In this work, we have provided a much exhaustive analytical derivation of the expression for thefint. We discuss how our approach is different than that of Liu et al. (2018) and much more comprehensive for the calculation offint. In the appendices, we discuss in detail, each term contributing to f f ex . We study the behaviour of each of those terms near the Galactic Centre and we found that the maximum of the third square bracket term had a bit higher magnitude (∼ 10 −29 s −2 ) than the maximum of rest of the contributing terms (∼ 10 −30 s −2 ).
We also performed Monte Carlo simulation of various pulsar instances by taking the uniformly generated random numbers for l (between 0 and 360 degrees), b (between -90 and 90 degrees), vr (between -200 and 200 km/s), µ b (between -314.1 and 176.0 mas/yr), and µ l (between -336.62 and 193.6 mas/yr). We fitted an exponential distribution to the best distance values reported in the ATNF catalogue for the same set of pulsars and generated random distance values based on that distribution. Using these values, we calculated the magnitude of first three terms in Eq. 12 separately.
Since the fourth square bracket term explicitly depends on ḟ f obs , we estimated the magnitude of this term separately using theḟ obs values from the ATNF pulsar catalogue (excluding the pulsars in Globular Cluster, Large Magellanic Cloud and Small Magellanic Cloud as they have additional local potential affects to be taken into account). We found that for 74% of the cases this term's contribution would be negligible as its magnitude will be > 1.0 × 10 −32 s −2 . But for 8.3% of the cases, the magnitude of the fourth square bracket term lies above 1.0 × 10 −31 s −2 . So, it is important to check the magnitude of this term before neglecting its contribution to Eq. 12. We also calculated the braking indices based on the intrinsic frequency derivatives (Eq. 15), using the parameters given in the ATNF pulsar catalogue, after evaluatingḟint using GalDynPsr, andfint using the method described in Section 2. We found that changes in v rad did not change the values of the braking index significantly. Out of the pulsars in ATNF catalogue, we did not find any cases where the braking index calculated from the measured spin frequency derivative is much different than three but the braking index calculated using the intrinsic spin frequency derivatives is close to three. However, with the help of Monte Carlo simulations, we demonstrated that there can be plausible cases where even if the baking index based on the measured spin frequency derivatives was far from three, the braking index based on the intrinsic spin frequency derivatives was close to three which indicates magnetic dipole radiation as being responsible for thefint value. Hence, we propose that the calculation of braking index should be done based on the intrinsic frequency derivatives in order to make a credible statement on the pulsar braking mechanism. Fig. 1 shows the sun 'S' and the pulsar 'P' in a sun centered spherical coordinate systems where θ is the angle the radial coordinate makes with the positive Z-axis, φ is the angle that the projection of the radial coordinate on the XY-plane makes with the positive X-axis, and the distance of the pulsar from the sun d is equivalent to its radial coordinate, b is the Galactic latitude, l is the Galactic longitude. We have also selected the Sun centered cartesian coordinate system in such a way that the Galaxtic centre 'C' is along the Y-axis, i.e. have the values of the x and y coordinates as zero. c 0000 RAS, MNRAS 000, 000-000
The unit vector from the sun to the pulsar nsp is the radial unit vector er. Here θ = 90 • − b, φ = 90 • + l. So, sin θ = cos b, cos θ = sin b, sin φ = cos l, cos φ = − sin l,θ = −ḃ andφ =l. At any instant, the velocity of the Sun has two components, along the X-axis and along the Z-axis while the acceleration of the Sun has one components along the Y-axis and Z-axis. Now using the properties of spherical polar coordinates, we can write: er = sin θ cos φ ex + sin θ sin φ ey + cos θ ez (16) e θ = cos θ cos φ ex + cos θ sin φ ey − sin θ ez (17)
Consequently, the time-derivatives of er, e θ , and e φ are:
er =θ e θ +φ sin θ e φ 
Similarly,ȧ
For the perpendicular component:
Using z = d sin b, we calculate dz dt as,
We use the functions 'evaluateR2derivs', 'evaluatez2derivs', and 'evaluateRzderivs' in 'galpy' to get values of ∂ 2 Φ M W (R,z) 
